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Abstract
A word is circular 5/2+ power free if none of its conjugates has period less than 25 of its length.
We show that the Thue–Morse word contains words of every length which are circular 5/2+ power
free.
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1. Introduction
A necklace or circular word consists of a word, together with its cyclic shifts. Thue [6]
showed that binary necklaces of length n avoiding overlaps exist precisely when n has the
form 2m or 3× 2m. By contrast, the second author [2] recently solved a problem posed by
Alon and Simpson by showing that ternary necklaces avoiding squares exist for every length
greater than 17. Fitzpatrick [4] has shown that binary necklaces of every length avoiding
cubes can be found in the Thue–Morse word. In [1], the authors showed that words avoiding
7/3+ powers exist in the Thue–Morse word, for every length greater than 209.
In the present paper, we show that binary necklaces of every length can be found in the
Thue–Morse word, which simultaneously avoid xk for every k > 52 . This is the best possible
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exponent for binary words, since one quickly checks that any binary circular word of length
5 contains either a 52 power or a cube.
Let w be a word, w = w1w2 . . . wn where the wi are letters. We denote the length of w
by |w|, and the number of times a speciﬁc letter a appears inw by |w|a . Whenw is a binary
word, that is, a word over {0, 1}, we use the notation w¯ for the binary complement of w,
obtained from w by replacing 0’s with 1’s, and vice versa.
We say that w is periodic if for some positive integer p we have wi = wi+p, i =
1, 2, . . . , n− p. We call p a period of w. Let k be a rational number. A k power is a word
w of period p = |w|/k. A k+ power is a word which is an r power for some r > k. A word
is k+ power free if none of its subwords is a k+ power. Traditionally, a 2 power is called a
square; a 2+ power is called an overlap; a 3 power is a cube.
Word v is a conjugate of wordw if there are words x and y such thatw = xy and v = yx.
Let w be a word. The circular word w is the set consisting of w and all of its conjugates.
We say that a circular word w is k+ power free if all of its elements are k+ power free;
that is, all the conjugates of the ‘ordinary word’w are k+ power free. The conjugates of w
are the subwords of ww of length |w|. It follows that w is circular k power free if and only
if ww contains no k powers of length at most |w|.
2. Properties of the Thue–Morse word and substitution
The Thue–Morse word t is deﬁned to be t = (0) = limn→∞ n(0), where  :
{0, 1}∗ → {0, 1}∗ is the substitution generated by (0) = 01, (1) = 10. Thus
t = 01101001100101101001011001101001 · · · .
The Thue–Morse word has been extensively studied (see [3,5,6] for example). We use
the following facts about t:
1. Word t is 2+ power free.
2. If w is a subword of t then so is w, the binary complement of w.
3. None of 00100, 01010, 10101 or 11011 is a subword of t.
4. Word t is closed under mirror images; ifw1w2 . . . wn is a subword of twith thewi letters,
then so is wnwn−1 . . . w1.
Lemma 1. Let k be a positive integer, k2. Word t contains subwords of the form 0u0
(resp. 1u0) of each length k.
Proof. We show ﬁrst that t contains a word 1u0 of length k. Suppose not. Since the set of
subwords of t is closed under taking binary complements, t contains no word of length k of
the form 0u1 either, and every subword of t of length k begins and ends with the same letter.
This, however, implies that t is periodic, with period k − 1. Since t contains no overlaps,
this is impossible. We conclude that t contains a word 1u0 of length k.
Similarly, if t contains no subword of the form 0u0 we ﬁnd that t has period 2k−2, which
is impossible. 
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Corollary 2. Let k3 be an integer. Word t contains a subword of length k of the form
00u1.
Proof. Using Lemma 1, we can ﬁnd a subword 1v0 of t of any desired length n2. The
word 2(1v0) = 10012(v)0110 has length 4n. Discarding the ﬁrst and last (resp. last 2)
letters gives a word of the form 00u1 of length 4n− 2 (resp. 4n− 3).
Again using Lemma 1, and taking complements, we can ﬁnd a subword 1v1 of t of any
desired length n2. The word 2(1v1) = 10012(v)1001 has length 4n. Discarding the
ﬁrst letter (resp. ﬁrst and last 3 letters) gives a word of the form 00u1 of length 4n−1 (resp.
4n− 4).
We see then that t contains subwords of form 00u1 for any length 4n− 1, 4n− 2, 4n− 3,
4n− 4, n2. Since 001 is a subword of t, the result is proved. 
Corollary 3. Let k4 be an integer. Word t contains a subword of length k of the form
0u110.
Proof. By the previous corollary, t will contain a word of length k of the form 100u1.
Taking mirror images and complements, the result follows. 
Corollary 4. Let k6 be an even integer.Word t contains a subword of length k of the form
11u011.
Proof. Using Lemma 1, we can ﬁnd a subword 0v0 of t of any desired length n2. The
word 2(0v0) = 01102(v)0110 has length 4n. Discarding the ﬁrst and last letters gives a
word of the form 11u011 of length 4n− 2.
Using Corollary 2 and taking binary complements, we can ﬁnd a subword 11v0 of t of any
desired length n3. The word 2(11v0) = 100110012(v)0110 has length 4n. Discarding
the ﬁrst 3 and last letters gives a word of the form 11u011 of length 4n−4. This establishes
the result. 
Lemma 5. Let n3 be a positive integer.Word t contains subwords of length n of the form
0v01 (resp. 1v01).
Proof. We show that t has a subword of length n of the form 0v01; the proof is analogous
for 1v01.
If n is even, suppose that n = 2k. By Lemma 1, ﬁnd a subword of t of length k of the
form 0u0.Word t then contains the word (0u0) = 01(u)01 which has the required form,
and length 2k = n.
If n is odd, write n = 2k − 1, k2. By Lemma 1, ﬁnd a subword of t of length k of the
form 1u0. It follows that t contains subword 10(u)01 of length 2k and, deleting the ﬁrst
letter, subword 0(u)01 of length n = 2k − 1. 
Lemma 6. Let k4 be an integer. Either k = 4r + 2 for some integer r, or t contains a
subword of length k of the form 00u10.
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Proof. UsingLemma5, t containswords of the form1v01, and thuswords of the form10v1,
for each length n3. (Word t is closed under mirror images.) It follows that (10v1) =
1001(v)10 is a subword of t. However, deleting the ﬁrst letter gives subword 001(v)10
of t, which is of the form 00u10 and of length 2n − 1. Thus we have all the odd lengths
k5. Next we consider even lengths k.
Suppose k ≡ 0 (modulo 4). Certainly t contains subword 3(1) = 10010110, and hence
0010, which has the form 00u10 and length 4. If k > 4, write k = 4n−4, some n3. Then
t contains a word 1v10 of length n, and hence 2(1v10) = 10012(v)10010110. Deleting
the ﬁrst letter and the last 3 gives a word of the form 00u10 of length 4n− 4 = k.
Suppose that k ≡ 2 (modulo 4). If k = 6, then k = 41 + 2, and we are done. Suppose
that k > 6 and the result holds for all k0 < k. We can write k = 4k0 − 6, some integer
k0, 4k0 < k. If k0 has the form 4r + 2, then k = 4k0 − 6 = 4r+1 + 2, and we are
done. Otherwise, by our induction hypothesis, t contains a word 00v10 of length k0. Thus t
contains h2(00v10) = 01100110h2(v)10010110. Deleting the ﬁrst 3 and the last 3 letters
gives 00110h2(v)10010 which is of length 4k0 − 6 = k and of the form 00u10. This
establishes the result. 
Corollary 7. Let k4 be an integer. Word t contains a subword of the form w1 = 0110v
100110010 of length 4k − 3.
Proof. Apply  twice to the word given by Corollary 3, and delete the last 3 letters. 
Corollary 8. Let k4 be an integer, not of the form 4r + 2.Word t contains a subword of
the form w2 = 001102(v)100101 of length 4k − 5.
Proof. Apply  twice to the word given by Corollary 6, and delete the ﬁrst 3 and last 2
letters. 
Corollary 9. Let k6 be an even integer. Word t contains a subword of the form w3 =
0110012(v)011010011 of length 4k − 5.
Proof. Apply  twice to the word given by Corollary 4, and delete the ﬁrst 2 and last 3
letters. 
Remark 10. The possible lengths assumed byw1 in Corollary 7 include all integers greater
than 9 which are congruent to 1 (mod 4). Letting k range over odd values in Corollary 8 will
give w2 every length greater than 7 which is congruent to 7 (mod 8). The possible lengths
assumed by w3 in Corollary 9 include all integers greater than 11 which are congruent to 3
(mod 8).
The only odd lengths left out by the w1, w2 and w3 are 1, 3, 5, 7, 9 and 11.
If w is a binary word with period p, then (w) has period 2p. This means that when w is
a k power, so is (w). Again, if the circular word w contains a k power, so does the circular
word (w). Here is a partial converse.
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Lemma 11. Let  > 2 be a rational number. Let w be a binary word, and suppose that
(w) contains an  power z of period p, |z| = p. Then p is even, and w contains a word
u of period p/2, with |u| |z|/2.
Proof. Note that  > 2 is necessary, since 01 is 2 power free, but (01) contains the square
11.
Write z = (z1z2 . . . zp)nz1z2 . . . zm, where the zi are letters, n, m are integers, n2 and
m < p. We have  = p +m/n. Write (w) = xzy. If |x| is even, then for some z we can
write the even length preﬁx (z1z2 . . . zp)2 of z as (z). We see that
p= |z|
= |(z)|1
= |(z1z2 . . . zp)2|1
= 2|(z1z2 . . . zp)|1
so that p is even. If |x| is odd, then |xz1| is even, and we can write (z2 . . . zpz1)2 = (z)
for some z. Again we ﬁnd that p is even.
Without loss of generality, assume that z is the longest subword of (w) having period
p. We will show that |x| is even. Suppose that |x| is odd. Write x = (x)x0, where x0
is a letter, x some word. Since p is even, write xz1z2 . . . zpz1 as (x)x0z1(z)zpz1 for
some z. It follows that x0 = z¯1 = zp. Now, however, x0z has period p, but is longer
than z. This is a contradiction. We conclude that |x| must be even. Symmetrically, |y|
must be even, so that |z| is also even. This implies that m is even and z = (u) where
u = (z1z3 . . . zp−1)nz1z3 . . . zm−1. We see that u has period p/2, while |u| = |z|/2. 
Corollary 12. Let k be a rational number. Let w be a binary circular k+ power free word.
Then (w) is circular k+ power free.
Proof. Suppose that (w) is not circular k+ power free. This means that (w)(w) =
(ww) contains some  power z,  > k, |z| |(w)|. Word z has period p = |z|/. By the
previous lemma,ww contains a word u of period p/2, with |u| = |z|/2 |w|.Moreover,
u is a  power, where  = |u|/(p/2) = |z|/2/(p/2) |z|/p = .
Now ww contains a k+ power u, with |u| |w|. This means that w is not circular k+
power free. 
Lemma 13. Suppose that v is a subword of the Thue–Morse word, and u is any binary
word. Suppose that vu contains a 5/2+ power. Then there is a preﬁx w of u such that vw
ends in a 5/2+ power of period less than 2|w|.
Proof. Let w be the shortest preﬁx of u such that vw ends in some 5/2+ power z. Let z
have period p, |z| > 5p/2. We show that p < 2|w|. Write v = ab where bw = z. Word b
has period p. If p2|w|, then
|b| = |z| − |w|
> 5p/2− p/2
= 2p
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and b contains a 2+ power. Since b is a subword of v, and hence of t, this is
impossible. 
Symmetrically, one has the following
Lemma 14. Suppose that v is a subword of the Thue–Morse word, and u is any binary
word. Suppose that uv contains a 5/2+ power. Then there is a sufﬁx w of u such that wv
starts with a 5/2+ power of period less than 2|w|.
The following lemma is proved in [1]:
Lemma 15. Fix k > 2. Suppose z has period p < |z|/k. Let u be a subword of z with
|u| min((k − 2)p + 2, p). Then z contains a subword uvu for some v.
When k = 5/2, we get the following:
Corollary 16. Suppose z has period p < 2|z|/5. Suppose that there exists a word u which
appears as a subword of z in only one position, with |u| = 5. Then p5.
3. Circular binary words avoiding 5/2+ powers
We will show that the Thue–Morse word t contains circular 5/2+ power free subwords
of every length. By Corollary 12, if t contains a circular 5/2+ power free subword of length
k, then it contains one of length 2k. It will therefore sufﬁce to prove that t contains circular
5/2+ power free subwords of every odd length.
Lemma 17. Let w1 be a subword of the Thue–Morse word of the form
01102(v)100110010.
Then w1 is circular 5/2+ power free.
Proof. Let b be the word 1102(v)10011, f the word 00100. We see that bf is a conjugate
of w1, and that all conjugates of w1 must have the form b′′f b′ where b = b′b′′, or the form
f ′′bf ′, where f = f ′f ′′.
Suppose that z is a 5/2+ power which is a subword of a conjugate ofw1. Let z have period
p, |z| > 5p/2. Since b is a subword of t, which is 2+ power free, z cannot be a subword of
b. We may thus write z in one of the following forms:
1. z = ′′f′, ′ a preﬁx of b, ′′ a sufﬁx of b;
2. z = ,  a preﬁx of b,  a sufﬁx of f,  = f ;
3. z = ,  a sufﬁx of b,  a preﬁx of f,  = f ;
4. z = ′′b′, ′ a preﬁx of f, ′′ a sufﬁx of f, |′′′|5, ′,′′ = f .
We complete the proof by showing that each of these forms gives a contradiction.
Case 1: z = ′′f′, ′ a preﬁx of b, ′′ a sufﬁx of b.
Since f never appears as a subword of t, we can apply Corollary 16 with u = f , to
show that p5. Again, f does not have period 1 or 2, so that 3p5. This implies that
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|z| > 5p/2 152 , whence |z|8. It follows that at least one of ′ and ′′ has more than 2
letters, so that z contains 11f = 1100100 or f 11 = 0010011 as a subword. Neither of these
has period 3, 4 or 5, which is a contradiction, since z and its subwords must have period p.
Case 2: z = ,  a preﬁx of b,  a sufﬁx of f,  = f .
Since 0 is a subword of 0b, and hence of t, we can applyLemma14withu0 = , v = 0.
Thus u, of length || − 1, has a sufﬁx w, such that p < 2|w|2|| − 2. Relabelling  and
 if necessary, we conclude that p < 2|| − 2. Since p > 0, this forces || = 2, 3 or 4.
If || = 3, p < 2|| − 2 = 4. However,  = 100 does not have period 1 or 2. This
implies p = 3, whence |z|5p/2 = 8 > 6. Then z =  has preﬁx 100110, which does
not have period 3. This is a contradiction.
If || = 4, p < 2|| − 2 = 6. However,  = 0100 does not have period 1 or 2. This
implies p = 3, 4 or 5, and again |z|5p/2 = 8 > 7. Then z =  has preﬁx 0100110,
which does not have period 3, 4 or 5. This is a contradiction.
If || = 2, then p < 2. However,  = 01 does not have period 1.
Case 3: z = ,  a sufﬁx of b,  a preﬁx of f,  = f .
Word  is a subword of b0010, and z lies in t. This is impossible.
Case 4: z = ′′b′, ′ a preﬁx of f, ′′ a sufﬁx of f, |′′′|5, ′,′′ = f .
Word 0b′ is a subword of t, and the argument of Case 2 based on Lemma 14 works with
 replaced by ′′ and  replaced by b′. 
Lemma 18. Let w2 be a subword of the Thue–Morse word of the form
w2 = 001102(v)100101.
Then w2 is circular 5/2+ power free.
Proof. Let b be the word 01102(v)10, f the word 01010. We see that all conjugates of w2
must have the form b′′f b′, where b = b′b′′, or the form f ′′bf ′, where f = f ′f ′′.
Suppose that z is a 5/2+ power which is a subword of a conjugate ofw2. Let z have period
p, |z| > 5p/2. Since b is a subword of t, which is 2+ power free, z cannot be a subword of
b. We write z in one of the following forms:
1. z = ′′f′, ′ a preﬁx of b, ′′ a sufﬁx of b.
2. z = ,  a sufﬁx of b,  a preﬁx of f,  = f .
3. z = ,  a preﬁx of b,  a sufﬁx of f,  = f .
4. z = ′′b′, ′ a preﬁx of f, ′′ a sufﬁx of f, |′′′|5, ′,′′ = f .
We complete the proof by showing that each of these forms gives a contradiction.
Case 1: z = ′′f′, ′ a preﬁx of b, ′′ a sufﬁx of b.
Since f never appears as a subword of t, we can apply Corollary 16 with u = f , to show
that p5. Since f does not have period 1, |z| > 5p/25. It follows that at least one of
′ and ′′ is non-empty, so that z contains 0f = 001010 or f 0 = 010100 as a subword.
Neither of these has period 2, 3, or 4, so that z has period 5.
If |′|3, then z contains 01010 011 as a subword. However, this subword does not have
period 5, which is a contradiction. Therefore, |′|2. Since |z| > 5p/2 = 25/2, this means
that |′′|6. Word b, and hence ′′ ends in 2(a)10 for some a ∈ {0, 1}. If a = 0, then
z contains 2(a)10f = 01101001010, which does not have period 5. This is impossible.
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If a = 1, then z contains 2(a)10f = 10011001010, which does not have period 5 either.
This eliminates Case 1.
Case 2: z = ,  a sufﬁx of b,  a preﬁx of f,  = f .
Since w2 = 0b0101 lies in t,  lies in t. This is a contradiction.
Case 3: z = ,  a preﬁx of b,  a sufﬁx of f,  = f .
Word w2 lies in t in the context 1w2 = 10b0101. We may thus assume that || > 2, and
we can apply Lemma 14 with u10 = , v = 10. Relabelling  and  if necessary, we
conclude that p < 2|| − 4. Since p > 0, this forces || = 3 or 4.
If  = 010, then p < 2|| − 4 = 2. However,  = 010, does not have period 1. This is
a contradiction.
If  = 1010, p < 4. Since  contains no 5/2+ power, ||1, and 10100 is a preﬁx of
. However, 10100 does not have period 1, 2 or 3. This is a contradiction.
Case 4: z = ′′b′, ′ a preﬁx of f, ′′ a sufﬁx of f, |′′′|5, ′,′′ = f .
Word 0b′ is a subword of t, and the argument of Case 3 based on Lemma 14 works with
 replaced by ′′ and  replaced by b′. 
Lemma 19. Let w3 be a subword of the Thue–Morse word of the form
w3 = 0110012(v)011010011.
Then w3 is circular 5/2+ power free.
Proof. Let b be the word 0012(v)0110100, f the word 11011. We see that all conjugates
of w3 must have the form b′′f b′, where b = b′b′′, or the form f ′′bf ′, where f = f ′f ′′.
Suppose that z is a 5/2+ power which is a subword of a conjugate ofw3. Let z have period
p, |z| > 5p/2. Since b is a subword of t, which is 2+ power free, z cannot be a subword of
b. The possibilities are:
1. z = ′′f′, ′ a preﬁx of b, ′′ a sufﬁx of b.
2. Word z is a subword of ′′b′, ′ a preﬁx of f,′′ a sufﬁx of f, |′′′|5, ′,′′ = f .
We complete the proof by showing that both of these forms gives a contradiction.
Case 1: z = ′′f′, ′ a preﬁx of b, ′′ a sufﬁx of b.
Since f never appears as a subword of t, we can apply Corollary 16 with u = f , to show
that p5. Since f does not have period 1 or 2, p3 so that |z| > 5p/28. It follows that
at least one of ′ and ′′ has two letters, so that z contains 00f = 0011011 or f 0 = 1101100
as a subword. Neither of these has period 1, 2, 3, 4 or 5. This is a contradiction.
Case 2: z is a subword of ′′b′, some ′ a preﬁx of f, ′′ a sufﬁx of f, with ′,′′ = f .
Word w3 appears in t in the context 10w3001, i.e., 1011b110. It follows that unless
′ = 1101, z will be a subword of t, which is impossible. Now apply Lemma 13 with
v = ′′b110, u = 1. We may then assume that p =< 2|u| = 2. Since ′ = 1101 does not
have period 1, this is a contradiction. 
The possible lengths assumed by w1 in Corollary 7 include all integers greater than 9
which are congruent to 1 (mod 4). Letting k range over odd values in Corollary 8will givew2
every length greater than 7 which is congruent to 7 (mod 8). The possible lengths assumed
by w3 in Corollary 9 include all integers greater than 11 which are congruent to 3 (mod 8).
According to Lemmas 17–19, t therefore contains circular 5/2+ power free words of every
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odd length greater than 11. A ﬁnite search ﬁnds circular words in the Thue–Morse word
of lengths 1, 3, 5, 7, 9 and 11 avoiding 5/2+ powers. By Corollary 12 this establishes the
following theorem:
Main Theorem. The Thue–Morse word contains circular 5/2+ power free words of every
length.
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